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Abstract
The quantum probability distribution arising from single-copy von Neumann measurements on
an arbitrary two-qubit state is decomposed into the local and nonlocal parts, in the approach of
Elitzur, Popescu and Rohrlich [A. Elitzur, S. Popescu, and D. Rohrlich, Phys. Lett. A 162, 25
(1992)]. A lower bound of the local weight is proved being connected with the concurrence of the
state pmaxL = 1 − C(ρ). The local probability distributions for two families of mixed states are
constructed independently, which accord with the lower bound.
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I. INTRODUCTION
Entanglement and nonlocality are two fundamental concepts in quantum description of
nature, which are closely interconnected but not identical [1–3]. The former depicts the non-
separability of the state of a composite quantum system [1], while the latter is characterized
by violation of a Bell inequality [2], which means the local measurement outcomes of the
state cannot be described by a local hidden variables (LHV) model. It has been proved that
all pure entangled states violate such an inequality and, consequently, are nonlocal [4]. But
Werner [3] has shown a family of mixed entangled states (called Werner states now) can
be described by a LHV model. The two concepts are not only the fundamental features of
quantum theory, but also the crucial resources in quantum information [5–8].
To quantify the degree to which a state is entangled, several measures have been proposed,
such as entanglement of formation [9–11], entanglement of distillation [12], relative entropy of
entanglement [13], negativity [14, 15], and so on. For two-qubit systems, the entanglement
of formation is equivalent to a computable quantity, which is referred to as concurrence
[10, 11]. The concurrence of a pure two-qubit state |ψ〉 = c1|00〉+ c2|01〉+ c3|10〉+ c4|11〉 is
given by
C(|ψ〉) = 2|c1c4 − c2c3|. (1)
The pure state is equivalent to
|ψ(θ)〉 = cos θ|00〉+ sin θ|11〉, θ ∈ [0, π/4], (2)
under local unitary (LU) transformations [5], with concurrence C(|ψ(θ)〉) = 2 cos θ sin θ =
sin 2θ. For a mixed state, the concurrence is defined as the average concurrence of the pure
states of the decomposition, minimized over all decompositions of ρ =
∑
j pj |ψj〉〈ψj |,
C(ρ) = min
∑
j
pjC(|ψj〉). (3)
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It can be expressed explicitly as [10, 11]
C(ρ) = max
{
0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4
}
, (4)
in which λ1, ..., λ4 are the eigenvalues of the operator R = ρ(σy⊗σy)ρ∗(σy⊗σy) in decreasing
order and σy is the second Pauli matrix.
The correlation in a bipartite quantum system is characterized by the probability distri-
bution PQ(α, β|a,b) of the outcomes α and β, corresponding to the measurements labeled
by a and b on the two subsystems respectively. It is called local, if the probability distribu-
tion can be simulated by a LHV model. Namely, there exists a shared classical variable λ
distributed with probability measure µ such that
PQ(α, β|a,b) =
∫
dµ(λ)P (α|a, λ)P (β|b, λ), (5)
where P (α|a, λ) and P (β|b, λ) are the local response functions of the two observers. The
form of the distribution in Eq. (5) leads to a set of constraints on the local correlation (Bell-
type inequalities), for any fixed number of measurements on each subsystem. Therefore,
Bell inequality violation is a sufficient condition of quantum nonlocality.
Elitzur, Popescu, and Rohrlich (EPR2) [16] discuss the local and nonlocal contents of
nonlocal probability distributions [see Eq. (6)] from a different point of view. Actually,
EPR2 approach can be abstractly interpreted to answer such a question: whether an alter-
native description of nature is valid. Since the original work of EPR2 appeared, few papers
generalized it in depth. Recently, as the approach is related to a more noticeable question,
the simulation of quantum correlations with other resource, it attracted someone’s attention
again. Barrett et. al gave an upper bound of the weight of local component in d× d system
[17]. In his recent work [18], Scarani reviewed the previous results and decomposed the
quantum correlation PQ corresponding to von Neumann measurements performed on the
pure state (2) into a mixture of a local correlation PL and a nonlocal correlation PNL
PQ = pL(θ)PL + [1− pL(θ)]PNL, (6)
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in EPR2 approach. Scarani’s construction of the local probability distribution PL leads to
pL(θ) = 1− sin 2θ, (7)
which is an improved lower bound of pmaxL (θ) on the original result p
max
L (θ) ≥ (1− sin 2θ)/4
given by EPR2. Here, pmaxL (θ) denotes the maximum weight of the local component in Eq.
(6). Further more, he presented an upper bound for pmaxL (θ) on the family of pure two-qubit
states and the first example of a lower bound on the local content of pure two-qutrit states.
It is interesting to note that the proportion of nonlocal correlation PNL in Scarani’s
construction is nothing but the concurrence of |ψ(θ)〉, 1 − pL(θ) = sin 2θ. The main aim of
this paper is to show this result can be generalized straightway to the mixed states case.
Namely, we present a construction of PL for arbitrary states ρ of two qubits, corresponding
to the local weight pL(ρ) = 1− C(ρ). The construction will be proved as a theorem in Sec.
II. In addition, we will give the EPR2 decompositions of some typical states in quantum
information, such as the Generalized Werner state [19] and the mixture of a Bell state and a
mixed diagonal state, of which Werner state and maximally entangled mixed states ρMEMS
[20] are two spacial cases. Conclusion will be made in the last section.
II. EPR2 DECOMPOSITIONS OF MIXED TWO-QUBIT STATES
A. General Results
The probality that the local von Neumann measurements labeled by unit vectors a and
b performed on the two qubits with state ρ lead to the outcomes (α, β) is
PQ(α, β|ρ; a,b) = Tr(ΠA ⊗ ΠBρ), (8)
with α, β = ±1. Here, the projectors are given by
ΠA =
1
2
(1+ ~σ ·A),
ΠB =
1
2
(1+ ~σ ·B), (9)
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where 1 is the 2× 2 unit matrix, ~σ = (σx, σy, σz) are the Pauli matrices in vector notation,
and A = αa and B = αb are unit vectors. Then, the quantum probability distribution of
the pure state |ψ(θ)〉 can be obtained easily
PQ(θ) =
1
4
[1 + c(Az +Bz) + AzBz + s(AxBx − AyBy)], (10)
where c = cos 2θ and s = sin 2θ as denoted in [18]. Scarani improved the local probability
distribution on EPR2’s original construction to
PL =
1
4
[1 + f(Az)][1 + f(Bz)], (11)
with the function f(x) = sgn(x)min(1, c
1−s |x|). This keeps the product form in [16] and
leads to pL = 1− s = 1− C(|ψ(θ)〉).
Whereas, the product form construction of PL is obviously not optimal for mixed states
because of the presence of classical correlation. A simple example is the separable state
ρs = (|00〉〈00|+ |11〉〈11|)/2, whose quantum probability distribution PQ(ρs) = (1+AzBz)/4
should be completely local. One can easily find the following equation is self-contradictory,
PQ(ρs) =
1
4
(1 + fA)(1 + fB), fA, fB ∈ [−1, 1], (12)
if fA and fB are requested to be odd functions of A and B respectively. Actually, a straight-
forward construction of the local correlation of ρs is
PL(ρs) =
1
2
F+(Az)F
+(Bz) +
1
2
F−(Az)F
−(Bz)
= PQ(ρs), (13)
with F±(x) = 1
2
(1 ± x). It contains a two-outcomes random variable with equiprobability
as the LHV. The following results will show the local weight of an arbitrary two-qubit state
satisfies pL = 1 − C(ρ), if we choose the local probability distribution with a discrete LHV
as
PL =
∑
i
µipi(A)qi(B), (14)
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where µi, pi(A), qi(B) ∈ [0, 1] are probabilities satisfying
∑
i µi = 1, pi(A) + pi(−A) = 1
and qi(B) + qi(−B) = 1.
Theorem 1. The local content of the probability distribution for a two-qubit state ρ has
a lower bound pmaxL (ρ) ≥ 1− C(ρ).
Proof. According to the procedure given by Wootters [11], one can always obtain a
decomposition {|φi〉} minimizing the average concurrence in Eq. (3), ρ =
∑
i ti|φi〉〈φi|, in
which
∑
i ti = 1 and all the elements have the same value of concurrence as the mixed state
ρ. The elements are equivalent under LU transformation to the same state in the form of
Eq. (2)
|φi〉 = UAi ⊗ UBi |ψ(θ)〉, (15)
with the concurrence C(|ψ(θ)〉) = C(ρ).
Denote the unit vectors by A(i) and B(i), which satisfy ~σ · A(i) = UA†i ~σ · AUAi and
~σ ·B(i) = UB†i ~σ ·BUBi . The quantum probability distribution is straightforward to obtain
PQ(ρ) =
∑
i
tiP
(i)
Q , (16)
where P
(i)
Q = 〈ψ(θ)|Π(i)A ⊗ Π(i)B |ψ(θ)〉 with Π(i)A = 12 [1 + ~σ · A(i)] and Π(i)B = 12 [1 + ~σ · B(i)].
Each P
(i)
Q can be decomposed in Scarani’s approach as
P
(i)
Q = [1− C(ρ)]P (i)L + C(ρ)P (i)NL, (17)
where P
(i)
L is defined in the form of Eq. (11) with A
(i) being substituted for A and B(i) for
B. A natural construction of the local probability distribution is PL(ρ) =
∑
i tiP
(i)
L , taking
the form in Eq. (14). Then, one can obtain
PQ(ρ) = [1− C(ρ)]PL(ρ) + C(ρ)
∑
i
tiP
(i)
NL, (18)
which ends the proof. 
Since the procedure given by Wootters [11] to derive the optimal decomposition in Eq.
(3) is effective but not easy to implement, we give the EPR2 decompositions of two families
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of typical mixed states in the following parts of this section. These are constructed directly,
independent of the process presented above.
B. Werner State & Generalized Werner State
The Werner state [3] takes the form as
ρW = x|ψ+〉〈ψ+|+ (1− x)1⊗ 1
4
, x ∈ [0, 1], (19)
where |ψ+〉 = [|00〉+|11〉]/√2 is one of the Bell basis. The concurrence C(ρW ) = max{0, (3x−
1)/2}. And its quantum probability distribution is given by
PQ(ρW ) =
1
4
[1 + x(AzBz + AxBx − AyBy)]. (20)
When x = 1/3, ρW is separable, and PQ(ρW ) can be represented as a local form
P
1/3
L (ρW ) =
1
6
[F+(Az)F
+(Bz) + F
−(Az)F
−(Bz) + F
+(Ax)F
+(Bx)
+F−(Ax)F
−(Bx) + F
+(Ay)F
−(By) + F
−(Ay)F
+(By)]
= PQ(ρW )|x=1/3. (21)
If we define the local distribution as
PL(ρW ) =


P
1/3
L (ρW ), x ≥ 1/3 ;
3xP
1/3
L (ρW ) + (1− 3x)14 , x < 1/3 ;
(22)
it is easy to prove PQ(ρW ) = PL(ρW ) for x < 1/3 and PQ(ρW )/PL(ρW ) ≥ 32(1 − x) for
x ≥ 1/3. The minimum of the radio occurs when the unit vectors A · B′ = −1 with
B′ = (Bx,−By, Bz). This indicates the local content of Werner state pL(ρW ) = 1 − C(ρW )
corresponding to the construction of PL(ρW ) in Eq. (22).
However, a better bound can be obtained easily based on the fact that an entangled
Werner state may admit a LHV model. In the seminal work of Werner [3], he constructed a
LHV model of the states (19) for x ≤ 1/2 under von Neumann measurements. This result
has been extended to general measurements [21] and more parties [22]. In [23], Ac´ın et.
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al. proved the quantum probability distribution (20) is local when the parameter x ≤ xc =
0.6595 under von Neumann measurements. Therefore, we can replace the demarcation point
1/3 by xc, and define the separable function (22) using P
xc
L (ρW ) = PQ(ρW )|x=xc instead of
P
1/3
L (ρW ). Choosing the combinatorial coefficients in Eq. (22) as {x/xc, 1−x/xc}, we obtain
a better bound p
′
L(ρW ) = 1 − C ′(ρW ) with C ′(ρW ) = max{0, (x − xc)/(1 − xc)}. Whereas,
it is difficult to extended this result to any more general two-qubit states. In the following
paragraph, we will show the construction of PL(ρW ) in Eqs. (21) and (22) can be generalized
to treat the states in Eq. (23).
A family of generalized Werner state [19] is given by
ρGW = x|ψ(θ)〉〈ψ(θ)|+ (1− x)1⊗ 1
4
, (23)
which is the mixture of the pure state (2) with the completely random state. Its concurrence
is C(ρGW ) = max{0, [(1 + 2s)x− 1]/2}, and quantum correlation can be obtained
PQ(ρGW ) =
1
4
{1 + x[cAz + cBz + AzBz + s(AxBx − AyBy)]}, (24)
with s and c taking the definition in Eq. (10). As the treatment of Werner state, we start
from the critical value of xc = 1/(1 + 2s), for which Eq. (24) is local obviously
P xcL (ρGW ) =
xc
2
{c+F+(Az)F+(Bz) + c−F−(Az)F−(Bz)
+sF+(Ax)F
+(Bx) + sF
−(Ax)F
−(Bx)
+sF+(Ay)F
−(By) + sF
−(Ay)F
+(By)}
= PQ(ρGW )|x=xc, (25)
where c± = 1± c. When x < xc, one can choose
PL(ρGW ) = (1 + 2s)xP
xc
L (ρGW ) + [1− (1 + 2s)x]
1
4
= PQ(ρGW ) (26)
For the entangled region x > xc, an appropriate construction of local distribution is given
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FIG. 1: Plot of 20000 randomly generated sets of entangled ρGW and unit vectors (A,B) in the
plane of PQ(ρGW )/PL(ρGW ) ∼ 1 − C(ρGW ) in company with the line of PQ(ρGW )/PL(ρGW ) =
1− C(ρGW ).
by the linear combination
PL(ρGW ) = kPL + (1− k)P xcL (ρGW ), (27)
where PL is the construction for pure state in Eq. (11), and k =
(1−s)[(1+2s)x−1]
s[3−(1+2s)x] ∈ [0, 1] which
is derived from the equation
c
1− [(1 + 2s)x− 1]/2 = k
c
1− s + (1− k)
c
1 + 2s
. (28)
Although we do not have a fully analytical proof, our numerical evidence illustrates that
the local probability distributions in Eq. (27) satisfies PQ(ρGW )/PL(ρGW ) ≥ 1−C(ρGW ). A
detailed introduction is as follows: We randomly generate one million sets of {θ, x,A,B},
where the parameters satisfy x > xc corresponding to entangled ρGW . Substituting them into
Eqs. (24) and (27) and the concurrence of ρGW , we find PQ(ρGW )/PL(ρGW ) ≥ 1 − C(ρGW )
to come into existence. To show the relation of inequality, in Fig. 1, we plot 20000 sets of
random {θ, x,A,B} in the plane of PQ(ρGW )/PL(ρGW ) ∼ 1− C(ρGW ) in company with the
solid line of PQ(ρGW )/PL(ρGW ) = 1−C(ρGW ). Consequently, choosing the local probability
distributions in Eqs. (26) and (27), one has
PQ(ρGW ) = [1− C(ρGW )]PL(ρGW ) + C(ρGW )PNL(ρGW ), (29)
for arbitrary ρGW , i. e. the local content pL(ρGW ) = 1− C(ρGW ).
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C. Mixture of a Bell State and a Diagonal State
Another generalization of Werner state is the Bell State |ψ+〉 mixed with a diagonal state
ρBD =


x+ γ/2 0 0 γ/2
0 a 0 0
0 0 b 0
γ/2 0 0 y + γ/2


, (30)
where the non-negative real parameters x + y + a + b + γ = 1. It contains many special
two-qubit states, such as maximally entangled mixed states ρMEMS [20], frontier states of
the bounds for concurrence [24] and so on. Its concurrence is C(ρBD) = max{0, γ − 2
√
ab},
which is independent on x and y. Our construction of the EPR2 decomposition of ρBD is
divided into two steps: (i) We give the results of the spacial case of x = y = 0; (ii) The local
distribution of the general case can be derived immediately based on the results of the first
step.
(i) When x = y = 0, ρ0BD = γ|ψ+〉〈ψ+| + a|01〉〈01|+ b|10〉〈10|, and the quantum proba-
bility distribution is
PQ(ρ
0
BD) =
1
4
[1 + (a− b)(Az −Bz) + (γ − a− b)AzBz + γ(AxBx −AyBy)], (31)
where we choose a ≥ b without loss of generality. At the critical point of separability
γ = 2
√
ab,
P cL(ρ
0
BD) =
1
4
[F+A (Ax)F
+
B (Bx) + F
−
A (Ax)F
−
B (Bx) + F
+
A (Ay)F
−
B (By) + F
−
A (Ay)F
+
B (By)]
= PQ(ρ
0
BD)|γ=2√ab (32)
where the local response functions F±A (x) =
1
2
(1 + sin ϑAz ± cosϑx) and F±B (x) = 12(1 −
sinϑBz ± cosϑx), with ϑ = ϑc = arcsin(
√
a−√b). In the region γ < 2√ab, we assume
PL(ρ
0
BD) = gP
c
L(ρ
0
BD) + (1− g)P 0L(ρ0BD), (33)
P 0L(ρ
0
BD) = λ+F
+(Az)F
−(Bz) + λ−F
−(Az)F
+(Bz),
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where λ± = 12(1±∆) and P 0L(ρ0BD) take the same form as PQ(ρ0BD)|γ=0. To hold the relation
PL(ρ
0
BD) = PQ(ρ
0
BD) when γ < 2
√
ab, the parameters should be chosen as g = 2γ/(γ+2
√
ab)
and ∆ = (
√
a+
√
b−g)(√a−√b)/(1−g), both of which lie in [0, 1]. When ρ0BD is entangled
with γ > 2
√
ab, the probability distribution (31) can be decomposed as
PQ(ρ
0
BD) = [1− C(ρ0BD)]PL(ρ0BD) + C(ρ0BD)PNL(ρ0BD), (34)
where PL(ρ
0
BD) takes the definition in Eq. (32) with ϑ = arcsin[(
√
a−√b)/(√a+√b)] and
PNL(ρ
0
BD) =
1
4
(1 + A · B′) corresponding to the probability distribution of the Bell state
|ψ+〉.
(ii) An arbitrary state (30) can always be written as ρBD = x|00〉〈00| + y|11〉〈11|+ pρ′,
where p = γ + a + b and ρ′ = ρ0BD|(γ,a,b)→(γ/p,a/p,b/p). Its concurrence is C(ρBD) = pC(ρ′).
One can obtain immediately
PQ(ρBD) = pPQ(ρ
′) + xF+(Az)F
+(Bz) + yF
−(Az)F
−(Bz). (35)
In the approach given in step (i), PQ(ρ
′) can be divided into the local PL(ρ′) and nonlocal
PNL(ρ
′) parts, with the wights 1 − C(ρ′) and C(ρ′) respectively. Choosing the construction
PL(ρBD) = [p(1−C(ρ′))PL(ρ′) + xF+(Az)F+(Bz) + yF−(Az)F−(Bz)]/[p(1−C(ρ′)) + x+ y],
one has
PQ(ρBD) = [1− C(ρBD)]PL(ρBD) + C(ρBD)PNL(ρ′), (36)
in which the nonlocal probability distribution is the same as the one of ρ′.
III. CONCLUSION AND DISCUSSION
In conclusion, we investigate the EPR2 decomposition of the probability distribution
arising from single-copy von Neumann measurements on arbitrary two-qubit states. In
our constructive proof, the local content is shown to have a lower bound connected with
the concurrence which measures the degree of entanglement, pmaxL ≥ 1 − C(ρ). The local
probability distribution for two families of mixed states are constructed independent of the
scheme in the proof. Both of them lead to the local weight pL = 1− C(ρ).
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In this paper, what we concern about are the mixed states of a two-qubit system. A
natural extension of this issue is to study the EPR2 decomposition in a bipartite arbitrary-
dimensional system. To our knowledge, only in Scarani’s paper [18], a one-parameter family
of two-qutrit states has been investigated in the EPR2 approach. For the state |Ψ(γ)〉 =
(|00〉 + |11〉 + γ|22〉)/
√
2 + γ2, Scarani chose the local distribution PL to be the product
of Kronecker deltas δα,i(A) and δβ,j(B), where i(A) and j(B) are the most probable local
outcomes when γ > 1. His numerical results show the local content is nonzero when γ > 2.
However, an analytic lower bound of pL is absent. We would like to present our prospects to
give an improved lower bound and generalize it to the mixed states case. (i) We start from the
one-parameter state |Ψ(γ)〉 and construct a local distribution PL which is a function of the
parameter γ. The Kronecker deltas can be represented as δα,i(A) =
1
3
{1+ 2 cos 2pi
3
[α− i(A)]}
and δβ,j(B) =
1
3
{1+2 cos 2pi
3
[β−j(B)]}, in which the cosine functions play the roles of αsgn(az)
and βsgn(bz) in the original construction of the qubit case given by EPR2 [16]. To obtain
an improved lower bound of pmaxL , one can choose an appropriate function to substitute for
the cosine function, like Scarani introducing the function f(x) in Eq. (11) to take the place
of the sign function. (ii) A subsequent work is to extend the results of the one-parameter
state to the Schmidt-decomposed state |Φ(γ1, γ2)〉 = (|00〉+ γ1|11〉+ γ2|22〉)/
√
1 + γ21 + γ
2
2 .
Obviously, the lower bound of pmaxL for |Φ(γ1, γ2)〉 should be a function of the parameters
γ1 and γ2, and afterward, be a function of the entanglement invariants of the two-qutrit
state [25]. (iii) Based on the results in the first two steps, one can attempt to decompose
some typical mixed two-qutrit states in the EPR2 approach. In the light of the experience
in Sec. II, an alternative construction of the local distribution PL has the form of a linear
combination of the pure states case. And it is often effective to start from the critical point
of separability.
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